Infinite series: A significant, yet under-studied, concept
Infinite series 1 is a complex, often counter-intuitive but significant mathematical concept with a wide range of applications within mathematics and in science. The idea of infinite summation has one of its most immediate applications in the calculation of an area under a curve in a given interval through approximation -through the summing of increasingly thinner rectangular areas.
The concept of the Riemann sum and of the definite integral originates in this calculation which is an essential part of students' introduction to integration. Another mathematical application of infinite series (thereafter called series) is in the writing of numbers with infinite decimals (0.333… = 0.3 + 0.03 + 0.003 + …). The concept of series is also used in the definition of power series, as well as Fourier series, is key to the study of families of polynomials (e.g. Taylor polynomials) and is implicated in the methods for solving several types of differential equations.
In the sciences the concept is used in the study of waves as well as for modelling situations such as the distribution of medicines or pollutants. In sum, given the diverse applications of the concept in different sciences (Physics, Economics, Biology, Medicine etc.) and within mathematics, a study of its teaching and learning is of relevance to the training of future professionals in multiple fields. It is therefore quite surprising that this study has been rather rare and often appearing only implicitly in works about sequences or convergence.
Our motivation for focusing on the concept of series originates in some of the findings reported in the doctoral thesis of González-Martín [1] . For the research reported in the thesis González-Martín constructed an alternative introduction to the concept of improper integral grounded in the participating university students' prior knowledge of definite integrals and series.
During the study it became evident that the students' understanding of series was very fragile, especially with regard to the association between the general notion of series and improper integrals. For instance, when they were asked whether the following implication was true:
, some of the obtained answers were: 'it's true […] since the addition of the terms of a series is a part of the integral. So, if a part converges, therefore the integral converges', 'it's true […] , since the integral is the limit of the sum of the partitions', or 'in the integral, the series is implicit'. Further consideration of the students' difficulties with the concept of series during the study led to the following conjectures: in these early stages of their studies students have not mastered yet the skill to work efficiently with the convergence tests; students find it hard to establish connections between tests for convergence for series and those for improper integrals; and, there is little visual imagery associated with the concept of series. In a different study Nardi [2, 3] reported students' logical and conceptual difficulties in dealing with the tests of convergence: for example, the students tended to 'deform' statements about convergence, such as the Limit Comparison Test, into statements about divergence; they also appeared to resist the idea that, in certain occasions, convergence tests can be inconclusive. It is in the light of such findings in our previous research that we decided to work on a systematic investigation of learning and teaching issues regarding the concept of series. In the next section we summarise findings from some of the works done in this area so far.
Studies on the teaching and learning of the concept of infinite series
As mentioned above there is little research that focuses on the concept of series -the concept usually appears implicitly in works about sequences or convergence, e.g. [4, 5] , and some works also stress how difficulties with this concept are likely to impact on students' understanding of the concept of integral [6] and, in particular, the concept of improper integral [1] . For the purposes of this paper, we refer to a selection of key works in this area and we structure our discussion around three themes: the presentation of the concept in texts; some difficulties that students experience in learning the concept; and, recommendations regarding its teaching.
Two of the early studies on the understanding of convergence in which the concept of series appears implicitly are by Robert [4] and Boschet [5] . In one of the pioneer works in this area Robert analysed the different, and often inadequate, mental and written representations of convergence of sequences held by university students in France. Her analyses attributed this inadequacy partly to the limited nature of the exercises used in teaching. Boschet's results, based on an analysis of the presentation of numerical sequences in undergraduate courses -mostly in texts and students' and teachers' notes -were similar. She also pointed out that traditional teaching usually includes very few examples of graphic representation of convergence (with the existing ones fostering mostly static representations). Finally, she also observed that sequences are not seen as a particular case of function -an observation also made a few years later by Mamona [7] . Another study, around the same time, that offered an analysis of texts used in undergraduate courses, and focused on the concept of series and its links with improper integrals, was by Fay & Webster [8] . They describe how the theorems and tests for convergence of series and improper integrals are presented in the texts and conclude that little or no attention is given to highlighting the connections between improper integrals and series, with the exception of the integral test for the convergence of series. In the absence of explicit pointers at these connections it is of little surprise, they stress, that the students often miss the correspondence between the tests of convergence for integrals and those for series. González -Martín's more recent results [1] corroborated this observation: the students participating in his study too could not make these connections.
With regard to the difficulties that students have with learning the concept of series -and beyond the difficulties relating to the notions of sequence, limit, and convergence, often reported in research -one of the few works with a specific focus on the concept is that of Kidron [9] . She identified three main difficulties with the concept, all germane to the learning of most Calculus concepts. The first is the process-object duality of the concept [10, 11] , especially in terms of the subtle distinction between a mathematical concept and the practical steps (or algorithms) that allow employing this concept in applications. The second concerns the notion of potential vs.
actual infinity [12] implicit in the concept, especially in terms of the difficulty to conceive the process of adding infinite terms as a whole, while having to engage with a process that has to be performed step by step. And the third concerns the discrepancies between the concept's formal definition and students' concept image [13] of series, especially in terms of the potential gap between the definitions given to the students and the tasks (problems, exercises, applications etc.) which allow building a personal rapport with the concept. Kidron also highlighted that the reading of the equality
from right to left, or from left to right are cognitively different and pointed out the difficulties which are evident in the students' use of symbolic notation. Her observations are in agreement with Mamona [7] who also highlighted students' confusion between sequences and series as well as their resistance to see sequences as a type of function.
Finally, with regard to teaching recommendations, some authors have argued that the use of visual reasoning could be advantageous for students [14] [15] [16] , especially for the purpose of assisting students' meaning bestowing to the concept. Alcock & Simpson [14] propose that the use of visual reasoning could help students establish links between the formal and the visual representations of the concept. Bagni [15, 17, 18] has also suggested that the use of historical examples could help students overcome misconceptions such as 'infinite terms implies infinite sum'. A didactic transposition [19] regarding the teaching of series, Bagni claims, must consider students' possible reactions to the concept as these might be similar to those of mathematicians in the past. He distinguishes two levels in the conceptualisation of the concept, the operational and the structural, and he observes that this distinction is not usually taken into account in traditional teaching. The problem of passing from the finite to the infinite has a cultural root, he observes. It is therefore important that students approaching this problem in the context of learning Calculus, and particularly series, become aware of these historical and cultural roots. Agreeing with Bagni, Codes & Sierra [16] developed some activities making use both of visualisation with the help of a computer and of historical references. They constructed some activities in an electronic environment to introduce the basic notions of numerical sequences before introducing series as the limit of a certain type of sequence. Their activities are based on Oresme's work and, with the assistance of the electronic environment, they also emphasise graphical representations. Their results indicate that the use of the computer and graphical representations helped some students visualise and better understand some of the processes into play as well as reason more effectively in some of the paper-and-pencil questions. Therefore, it seems that the representations generated in the electronic environment improved or extended the students' own representations of an infinite series.
The study we report in this paper aims to examine the ways in which the concept of series is introduced to students in texts and in teaching practice -both parts of what Chevallard [20] calls the institutional dimension of the students' learning experience; also whether these ways take into account the student difficulties and the teaching recommendations we summarised in this section. In particular, in this paper, we present the analysis of twenty-two texts used in Canada and the UK in post-compulsory -post-secondary, foundation and university -courses.
We also draw on interviews with in-service teachers and university lecturers in order to discuss briefly teaching practice and some of their teaching suggestions.
A study of texts introducing the concept of series: Focus, theoretical background, context
The foci of our text analysis are: visualisation; types of problems/exercises/applications; and, historical references. The paper concerns mostly the first two as our analysis yielded little with regard to the third -a small number of historical anecdotes (such as Zeno's paradox) and portraits of mathematicians, all essentially unconnected to the main flow of the text. We are also particularly interested in whether texts take into account the student difficulties with the concept identified by some of the research we reviewed in the previous section. Below we outline some of the theoretical underpinnings of our choice to focus the analysis on visualisation and problems/exercises/applications.
For the former, we consider the type of learning activity fostered by the texts under examination from the perspective of Duval's Theory of Registers of Semiotic Representation [21] . We do so through considering the use of different registers of semiotic representation as necessary for the construction of sufficient mental images of mathematical concepts.
For the latter, we take into account the fact that students' construction of series depends on how the concept is considered by the 'institution' in which they learn. For this part, we draw on Chevallard's anthropological approach [20] , which offers a way of analysing the practices in an institution (in our case, the tasks available to the students in the texts) that aim to generate the learning of a particular mathematical 'object' (in our case, the concept of series). We employ Chevallard's theory in order to examine the types of problems/exercises/applications in the texts.
In the following we briefly introduce the parts of Duval's and Chevallard's theories that are relevant to the analysis we present in this paper.
According to Duval another register. It is with these three activities in mind that we examine the texts and ask whether they introduce the notion of series using different registers, mainly the algebraic and the graphic registers, and whether they encourage the students to engage with the three activities outlined above. The choice of these two registers, particularly the graphic register, was also motivated by findings in previous research outlined earlier in this paper.
Our perspective on the problems, exercises and applications present in the analysed texts originates in Chevallard's [20] anthropological theory, particularly in the ways in which this theory aims to examine how an institution -a secondary school, a university department etc. -chooses to introduce a new mathematical object in texts, in teaching etc. (in our case:
problems/exercises/applications in texts related to the concept of series). This theory recognises that mathematical objects are not absolute objects but entities whose meanings arise from the practices within a given institution and the practices in which individuals are invited to engage and adopt. Chevallard describes these practices in terms of tasks, in terms of techniques used to solve these tasks, in terms of technologies, the discourses which explain and justify the techniques and in terms of theories which organise and justify the technologies. In this sense, to understand the meaning that an institution attributes to 'knowing/understanding an object' is to identify the tasks, techniques, technologies and theories which bring this object into play. In our case a task can be one of the series-related problems, exercises and applications in the texts; a technique can be the use of one of the tests typically employed to determine the convergence of a series (e.g. Comparison Test etc.); a technology can be the proof of a convergence test or the theory behind the necessary steps to solve a series-related problem; and, a theory is the set of the fundamental theoretical principles of the mathematical domain of Analysis. This paper focuses mainly on our examination of the series-related tasks in the texts and on some inferences from this examination concerning an institution's learning priorities with regard to this concept.
In the light of above outlined perspectives our analysis of a selection of Canadian and UK texts used in post-compulsory courses aimed to address the following questions:
• Do texts support students' overcoming of key misconceptions typically associated with the learning of the concept of series, such as 'infinitely many addends, infinitely great sum'? If so, how? • Do texts instil an algorithmic and procedural approach to the concept? If so, how?
• Do texts usegraphical or any other visual representations in order to enrich students' visual understanding of the concept? If so, how? • Which representations and task types are privileged in texts?
• Do texts contextualise the concept in terms of its raison-d'être in mathematics and its many applications in mathematical and other situations? If so, how? • Overall is there a clear and visible evolution in the way in which texts introduce series?
• Overall do texts take into account research results concerning the learning of series?
With regard to the choice of texts we aimed to analyse mainstream texts used to introduce the concept to Canadian and UK students in post-compulsory education. The concept of series is first introduced to different audiences in the two countries, so we first outline these differences.
In Québec, site of the Canadian part of the study 3 , the concept of series is firstly introduced during what is called collégial or cégep studies (17-18 year-old students). In Québec, compulsory education is divided into primary (6-11 years of age) and secondary (12-16 years of age).
Students then can proceed to professional training or prepare for university studies (two years of collégial studies). There are different orientations of collégial studies, according to the student's field of subsequent university specialisation (technology, sciences, humanities etc.). For students who want to pursue technological or scientific studies, the concept of series is first presented in their collégial studies (during the first year), and is later developed further in their undergraduate studies. We have chosen to analyse how the concept of series is introduced to students in these collégial courses (in the technological and scientific orientation) in a selection of texts of, roughly, the last twenty years. In many cases, some texts are just a newer edition of the original texts, but the chapter about series has not undergone substantial changes. In these cases, we have just considered the earlier edition. Our final sample ( [Insert Table 1 about here] 3 We note that Canada does not have a Ministry of Education. Syllabi and other curricular aspects of compulsory education are the responsibility of educational authorities in each province, one of which is Québec Analogously, in the UK, we have identified -with the help of lecturers teaching the topic to undergraduates in mathematics, science and engineering -texts, both from applied and pure mathematics, typically recommended to university or foundation students following the introduction of the concept in the lectures. Students' first informal encounter with the concept is during their A level mathematics studies (16-18 years of age), usually in the context of the geometric series. We note that books are not the only, and not always the dominant, resource that UK university students use -a more comprehensive analysis of curriculum content would have to take into consideration lecture notes, exercise sheets, etc., particularly those in which the concept is introduced for the first time. As the role of the texts in UK is slightly different from that in Québec, and the audiences of these texts are also slightly different, we use the UK sample in order to reinforce some of the discussion emerging from the analysis of the Québec sample. Our UK sample consists of five texts, four appearing in the reading lists of university courses and one used in foundation courses. In Table 1 • The number of pages that the text dedicates to the concept of series.
• The number and type of figural representations (e.g. graphs, drawings etc.) and the ratio of representation per page and the role of these representations in the text.
• The number and type of tasks (problems, exercises, applications) involving the concept of series and the respective ratio per page.
Across the above we also aimed to identify:
• Semiotic activity explicitly requested from the student.
• Reasons given to justify the introduction of the new concept.
In what follows we present our findings in two sections, one on visualisation and one on tasks (problems, exercises and applications). We then discuss the subsequent phase of our work which focuses on an analogous study of teaching practices.
Data and findings: The presence and role of visualisation in the texts
Below we discuss the presence and role of visualisation in the analysed texts in the light of the following classification:
• A non-conceptual (NC) image does not relate to a mathematical concept (e.g. is a portrait or a photograph). Its use is merely decorative.
• A bland-conceptual (BC) image is an illustration of a mathematical concept, but is not an integral part of an argument or an explanation (e.g. the graph of a function in a margin, to remind the student of its shape).
• A conceptual (C) image is used to explain a concept, or to illustrate one step of a proof. It might be part of the proving process and it is explicitly intended to help the student understand a notion or a mathematical argument.
This classification emerged from the analytical comments on each text recorded in the spreadsheet, from our particular interest in examining the texts from Duval's [21] 'semiotic activity' perspective and from previous classifications employed in the literature such as the one proposed by Elia & Philippou [47] for analysing the role of visual representations in problems:
decorative (does not provide any information to solve the problem), representational (represents a part of the content of the problem, but it is not essential to solve the problem), organisational (helps to organise the steps for the solution, but it is not essential to solve the problem) and informational (the solution of the problem is based on this visual representation; some of the necessary data is in this image, so the image is essential to solving the problem). This classification is appropriate for examining the role of images in the statement and solution of a problem or exercise. However our aims are a little wider and include analysing the role of images used also in the theoretical parts of the text to define or explain the concept. Therefore we adapted these categories to the NC, BC and C ones listed above that serve our purpose more precisely.
Most of the seventeen Canadian texts listed in Table 1 (upper part) concentrate on integration and sequences and series, and they have a separate volume for continuity and derivatives. Unsurprisingly then these seventeen texts allocate, on average, a substantial 11% of the space to the concept of series. In this section we analyse the parts of the texts in which the concept of series is introduced and discussed. Table 2 shows the number of graphs and of other images in texts A-Q. We count graphs separately from other images in the sense of Duval [21] who distinguishes between the graphical and the figural register. The former refers to any representation that deploys the Cartesian rules of representation (e.g. function graphs, the real line etc.) and the latter to those not deploying these rules (e.g. shapes, diagrams). The first row of numbers in the cells of Table 2 indicates the number of pages used for series in each text, the second shows the number of graphs (denoted g)/ other images (denoted i) and the third row indicates the average of visual representations per page:
[Insert Table 2 about here]
As evident in the above the number of visual representations is small, especially when considering the overall space allocated to the topic of series in the text. We can also see that the ratio does not necessarily increase with the most recent texts, from text A to Q. Table 3 shows the use of the three different kinds of visual representation in each text (NC-non conceptual, BC-bland conceptual, C-conceptual). The first row of numbers shows the number of NC graphs and other images, the second shows the number of BC graphs and other
images, and the third shows the number of C graphs and other images (in bold):
[Insert Table 3 about here]
As evident in Table 3 that the students will instantly establish this connection and, for example, will interpret the rectangles appearing under a curve as representing the terms of the sum within a series. However, as suggested by findings in our previous research [1] , most often this is not the case. Furthermore no semiotic activity [21] is explicitly asked of the students with regard to the graphic or the figural register in any of the seventeen texts examined above. For example, the student is never explicitly asked to produce a visual image of series, or to convert from one register to another.
Similar observations emerge from the analysis of the five UK texts (Table 1 lower In particular, Figure 4 features some of the n th partial sums (s n ) of the series
where {x n } is a monotone decreasing to zero sequence in the proof of the 'Leibniz Test for Real Series' (Text V, p. A70). According to the Leibniz Test this series converges and the illustration of Figure 4 supports the claim in the proof that:
This representation also appears in some of the Canadian texts (texts G, K, N, and O, and variations of it also appear in texts F, H, J, M, and P).
[Insert Figure 4 about here] [Insert Figure 5 about here] [Insert Figure 8 about here]
In some of the texts we found the following rather evocative representation of the proof of the divergence of the harmonic series (via grouping of the terms) -we return to the pedagogical potential of using the example of the harmonic series more generally in the final section of the paper.
[Insert Figure 9 about here]
The scarcity, as well as the often disconnected presence of the visual representations used in the texts we examined led us to the conclusion that the texts somewhat miss out on opportunities to encourage the -largely supported by the relevant research (e.g. [14] ) -dynamic interplay between the verbal, algebraic and the graphic registers in their introductions to the concept of series. In this sense, namely the limited facilitation of what Duval terms 'conversion'
and 'coordination', they do not seem to explicitly support students' semiotic activity with regard to this newly introduced concept.
A case in which the above is particularly pertinent is that of worked examples, especially those present in the sections where the concept is introduced and discussed. We examined which [Insert Figure 10 about here]
Data and findings: The presence and role of tasks in the texts
In this section we discuss the types of tasks that students are invited to engage with in the light of the following classification:
• Applications, namely tasks with a context
• Tasks asking the students to determine whether a series is convergent or divergent using the convergence tests (Type I) • Tasks asking the students to calculate the sum of a series (Type II) • Tasks asking the students to both determine whether a series is convergent and calculate the sum (Type III)
This classification emerged from the analytical comments on each text recorded in the spreadsheet and from our particular interest in examining the texts from Chevallard's [20] perspective on how particular types of meaning emerge from particular types of practices that students are invited to engage with.
With regard to applications, six of the Canadian texts offer none. Again this is not necessarily a characteristic of older texts as the six texts are A, B, H, J, M and Q, ranging from year of publication 1992 to 2008. Table 4 shows for each text: in the first row of numbers the total number of tasks, including applications, exercises and problems (we have considered the smallest unit, so one exercise asking to decide the convergence of six series will count as six different tasks); in the second row the number of these which are applications; and, in the third row the percentage of applications over the total number of tasks. The average ratio of applications in the sample is about 2 applications out of every 100 tasks.
[Insert Table 4 about here]
With regard to Type I-III tasks Table 5 shows: in the first row of numbers, the total number of tasks; in the second, Type I tasks; in the third, Type II tasks; and, in the fourth, Type III tasks. Finally, the last row gives the percentage over the total number of tasks that these three Types taken together represent:
[Insert Table 5 about here]
As the high percentages in Table 5 suggest (with an average in the seventeen texts of about 77% of tasks being of Type I, II or III), the majority of the tasks are Type I and II, namely, in most cases the students are asked to determine the convergence of a series or calculate the sum. Most of these questions can be tackled via the application of one of the convergence tests.
More conceptually-driven tasks, namely tasks that encourage explicitly student engagement with Duval's [21] three kinds of semiotic activity listed earlier, are rare in these texts. In Chevallard's [20] terms the meaning ascribed to 'knowing/understanding an object', in our case the concept of series, implied by the choice of tasks in the texts is more or less equated with 'being able to apply the convergence tests correctly in order to determine the convergence of a series and to calculate its sum'. If more than three fourths, on average, of the tasks in the texts concentrate on the application of convergence tests (even if some of these tasks require a relatively sophisticated application) valuable space is taken away from tasks of a different kind; tasks, for example, that highlight aspects of the concept that are significant to the students' introduction to other topics such as integration and power series. In this sense, the techniques [20] , that the students are encouraged to engage with and apply, concern mostly the application of the convergence criteria.
Therefore the theoretical knowledge that the students are invited to be engaged with (in Chevallard's [20] terms, the relevant technology) is more pronouncedly linked with the use of criteria to decide convergence than with constructing a conceptally rich image of the concept of series (and the notion of convergence). For these texts, knowing the mathematical object 'concept of series' seems to be identified with knowing how to apply some of the convergence criteria.
Again, similarly to our observation in the visualisation section, the texts seem to miss out on opportunities to engage students with a more epistemologically rich approach to the new concept (and also to address some of the potential difficulties that students may have with the concept, identified in the literature).
Analogous discussion emerged from our examination of the UK texts. Here we describe briefly the approach to problems and exercises in each separately. As evident in these individual Despite this small number of exceptions, particularly in Texts R and V -and bearing in mind the diversity of aims and target audiences of the texts -there is an overwhelming similarity across the 22 analysed texts: the predominance of Type I-III tasks. In the discussion that follows we examine some implications of this in the light of the Duval [21] and Chevallard [20] perspectives that guided our text analysis.
Introducing the concept of series within the confines of the algebraic register
The analysis of the Canadian texts suggests that, even though the concept enjoys substantial coverage in most texts used in post-compulsory education to prepare students for undergraduate studies, its presentation is largely a-historical and decontextualised, dominantly in the algebraic We recognise that the number of UK texts we examined is very small and that their selection is slightly opportunistic and largely based on informal recommendations indicated to us by a small number of colleagues with teaching experience in this area. Therefore generalisations from these results need to be made with caution, if at all, and only bearing also in mind the different roles that the texts play in the UK and Canadian context. In the UK the texts are recommended to the students by the lecturer who also gives them tasks in the form of problem sheets or implicitly in the lecture notes. In the Canadian post-compulsory context the text operates more or less as a textbook and engagement with the text represents a quite substantial part of the students' learning experience.
The fact that there is little -and rather diverse -research developed around the concept of series may not encourage text authors and editors to use other than the algorithmic and algebraic approaches so far privileged in the texts. We have seen that, even if texts give a relatively substantial space to content about series, the approach that they use seems to be 'traditional', in the sense that the register used is almost exclusively algebraic. It seems that Boschet's [5] remarks about the absence of visual representations of convergence still hold for concepts like series, more than two decades later, despite recommendations in the literature [14] [15] [16] regarding the pedagogical potential of these representations. The same more or less applies with regard to recommendations for the integration of historical examples [15, 17, 18] .
In addition to that, and when the texts provide a raison-d'être for it, series is typically introduced as a mathematical object that fulfils mathematical needs only (integration, Taylor series, …) without any, or with little, suggestion of its applications outside mathematics.
Furthermore the texts do not foster engagement with this concept in ways that would require the coordination of multiple registers (algebraic, graphical, verbal). In Duval's sense the students' semiotic activity is thus likely to be limited and within the confines of the privileged register.
From Chevallard's point of view students will learn about a concept only in the ways that are implicit or explicit in the tasks they are invited to engage with. So, for instance, if the students engage with the concept of series mostly in the context of tasks that require the application of convergence tests, it might not be surprising that many are unable to interpret a graph of a series;
or, that they are unclear about aspects of the concept that are highly relevant to other key concepts such as improper integrals and power series [1] ; or they have not observed that the Σ notation represents both the process of addition and the result of this process [9] ; or that they have not discerned the possibility offered by the concept to add all the terms without having to add them one by one (potential vs actual infinity [9] ).
Another observation that emerged in the course of our text analyses was that of the longevity of what we called above a 'traditional' presentation in the texts. Texts may have become more colourful, sometimes even with higher production values, but not necessarily with conceptually richer presentations.
Overall it seems that generally, despite meticulous presentations of the concept of series, the texts that we examined do not take the opportunity to address the difficulties with the concept identified in previous research. In another currently ongoing part of our work we have started to examine whether this is also the case in another significant part of the institutional dimension of the students' learning, teaching practice. To this purpose in the following we report briefly on interviews with post-compulsory teachers (in Canada) and university lecturers (in the UK).
From texts to teaching practice: a similar picture?
As part of our currently ongoing examination of teaching practice González-Martín [48] interviewed five teachers from different 4 post-compulsory establishments in Montréal in order to explore: their subject matter content knowledge and pedagogical content knowledge [49] about the concept of series; and, how their teaching practices are related to the presentation of the concept in the texts. In the 45 minute interviews the teachers also had the opportunity to reflect on the effectiveness of these practices. The interviews focused on the following:
• the interviewees' teaching experience at the cégep level, particularly on the concept of series;
• their accounts of the ways in which the concept is presented to the students, their preferred text for this presentation and their comments on the adequacy of this text, from a teacher and from a learner perspective; • their accounts of how they address the apparent paradox inherent in the concept of series about trying to add infinite number of terms, what examples and applications they offer; and, in what registers (algebraic, graphic etc.) they discuss the concept of series; • their views on visualisation with regard to the concept of series and the tasks they typically invite the students to engage with;
• their own perceptions of the concept, its key characteristics, its importance in mathematics, the difficulties that its learning may involve, the ways in which they help students overcome these difficulties and, finally, what 'ideal' teaching of the concept might involve.
One conjecture emerging from the preliminary analyses of these interviews is that these teachers' practices seem to reflect the tendencies we identified in the texts. Overall the reported teaching appears to be confined to the application of convergence tests and to presenting series as a prerequisite tool for introducing Taylor polynomials. The teachers' own perceptions of series are generally in the formal-algebraic register and their teaching follows closely the presentation in the texts they choose to use in their lessons. As a result they offer few opportunities to the students to work across different registers and they rarely discuss the applications of series within mathematics and in other disciplines. Most of the teaching revolves around the learning and application of convergence tests and, on the basis of their accounts in these interviews, these teachers seem themselves unaware of the different representations and applications of series. This lack of awareness seems to have a significant effect on both their subject matter content knowledge and pedagogical content knowledge [49] about series. For example, when the teachers in the interviews articulated a more conceptually-driven interest in the concept, we asked them to discuss the tasks that they would use in order to foster that interest in their lessons. Their responses did not exactly match this intention as their offers were mostly single-register, algorithmic tasks. There seems to be a pertinent teacher education issue implicit in the above that needs to be addressed.
Some suggestions on how the introduction of the concept can move beyond the mostly algorithmic, single-register approach in some texts are available in the literature but were also made to us in interviews with 21 lecturers based in UK mathematics departments (reported also in: [3, 45, 46, 50] ). The focus of these suggestions is on finding ways to reflect on the epistemological richness and complexity of the concept as well as addressing students' reported difficulties with the concept. Below we summarise some of these suggestions. We highlight in bold type the substance of the views expressed by the interviewed lecturers.
Towards a richer introduction of the concept of series: University lecturers' perspectives
The interviewed lecturers 5 lecturers reported that some students had calculated the sum first and then considered the convergence of the sequence b n , namely a more familiar object to them than the series. In one of the interviews the following thought was put forward: this approach does indeed give an opportunity for some basic, and gratifying, algebraic manipulation. It also draws on approaches (such as the geometric progression) that the students have seen before. However it is not an approach that will prove effective in the longer term in Analysis. Students need to become accustomed to treating series as entities on their own -not convert them into a number or a function or another more familiar object -and develop a set of techniques in tackling problems of convergence. In this sense their otherwise sensible approach to this task somewhat arrests the development of this treatment and these techniques.
The interviewees described some of these techniques as exercises in trial and error and in developing the skill to make appropriate, clever choices when deciding, for example, which convergence test to use. The approach was described as guess-then-prove. Students are encouraged to experiment with a series until they form a relatively solid belief about its convergence or divergence. They can do this via collecting tabular evidence or working in an electronic environment to examine, for example, values for large n. Then they are invited to discuss the choice of an appropriate test as well as an appropriate choice of, say, a series to compare with, in case they are using one of the comparison tests. This experimentation and guess-work, the lecturers stressed, is crucial as students' immediate intuition about convergence or divergence at this stage may not be that rich. Furthermore this more experimental type of work helps students starting to move away from the idea of a mathematical task being always about something to be worked out, achieving a number as a result, etc. Reflecting on their students' prior experiences, the lecturers described how students often come with earlier mathematical experiences which do not emphasise acts of choice such as the ones involved, for example, in determining which convergence test to use. Not only that, but students are normally protected, even turned away, from unsuccessful choices and thus miss the opportunity to develop a sense of how things work in mathematics through looking at things that do not work -for example, through being allowed to find out why particular convergence tests may not work in particular cases.
What is pertinent in the above recommendations put forward by the interviewed lecturers is that they have the potential to transform what we called Type I-III tasks in the previous sections into more conceptually-driven engagement with the concept of series and the notion of convergence. Furthermore, and in tandem with our observations in earlier sections of the paper, the lecturers were generally supportive of the idea to involve more visualisation in the teaching of the concept of series, as well as evocative verbal descriptions that link algebraic and graphical illustrations of the concept. However they also stressed that there is not always a good, intuitive picture of everything in mathematics and they quoted the statement 'a series does not converge' as one of those that are hard to represent pictorially. Similarly they stressed that verbal descriptions of mathematical ideas are often notoriously difficult -for example, we often read a mathematical utterance backwards when we try to express it in words -and should therefore be presented to students with extreme caution. So, in sum, the interviewed lecturers' recommendations favoured a conceptually-driven orientation of the tasks and a cautious employment of visual and verbal representations of the concept.
We close this paper with an elaboration on some of the above recommendations as put forward by one interviewed lecturer 6 . With regard to the potency of visualisation the lecturer stresses that diagrams are 'a good heuristic'. A way to stress this potency to the students, he claims, is to acknowledge the presence of visualisation in their written work both with encouraging verbal commentary and with some, if not full, credit. At the heart of his argument seems to be that visual representations can be persuasive and can help students overcome limited or misleading perceptions concerning series. He quotes two of these perceptions: 'if the terms of the series get smaller then the series converges' and 'confusing the series ∑x n with the sequence {x n }, particularly as students need to understand partial sums S n of the terms of {x n } as a sequence itself'.
The lecturer offers two explanations for the origins of the first of these two student perceptions. to formulate questions with a number as an answer to arrive at -and this sense of mathematical closure is often given priority in school mathematics -students may arrive at university with divergence representing a situation they have never faced.
Evident in the above is the interviewee's belief in the role of key examples in altering student perceptions such as the above. The interviewee elaborates the harmonic series as one of 6 In addition to extracting from those 11 interviews Nardi and Biza also conducted a lengthy interview (about one hour) with one university lecturer with about sixteen years of teaching experience in applied and pure mathematics as well as other disciplines. The list of topics discussed with him resembled substantially the list of topics discussed with the cégep teachers in Canada and was adapted to suit the university-level experience of the interviewee. For a more elaborate account of this interview see [45, 46, 50] .
these key examples: under the influence of above mentioned perception students start off absolutely convinced of its convergence. But the series is divergent. He recalls an illustration of the divergence of the harmonic series that he uses often ( Figure 11 ). He also stresses the effectiveness of offering students 'visual portrayals' of convergence as well as divergence and mentions two: a 'squares and rectangles' one useful for representing, for example, the geometric series for powers of ½; and a 'staircase' one in which the height of the staircase represents the sum of the series (convergence) and which, with a slight modification in the size of the staircase steps, becomes a 'dramatic' demonstration of divergence.
[Insert Figure 11 about here]
Introducing the concept of series: Ways forward
In the previous section we discussed briefly suggestions made by experienced lecturers concerning the introduction to the concept of series in terms of how this practice can address student difficulties with the concept and its uses as well as illustrate the concept's richness and epistemological complexity. These suggestions involve benefiting from potent examples (e.g. the harmonic series) and highly evocative visual representations (such as the ones in Figure 11 ); encouraging students to provide explanatory accounts of their choices; encouraging students to engage with systematic guesswork that helps to build their intuition about convergence and develop the skill to make appropriate choices of convergence test. In our discussion we discerned the potential that these recommendations may have to transform Type I-III tasks into more conceptually-driven engagement with the concept of series and the notion of convergence; and, to support students' modifying limited or misleading perceptions concerning series.
We see the concept of series as deeply intertwined with other topics. We hope that our study of the students' first encounters with this concept -in this paper focusing mostly on texts and to some extent on pedagogical practice and suggestions -will provide insights that are germane to the learning and teaching of other topics and concepts in Calculus. Tables   Table 1. The texts in our sample, A-Q (Canada) and R-V (UK) , in chronological order.
List of

Canadian Texts
A: Robert (1992 Ross (2006) . Calcul intégral pour les sciences de la nature [37] Q : Amyotte (2008) . Calcul intégral [38] UK texts R : Spivak (1967) . Calculus [39] S: Stephenson (1973) . Mathematical methods for Science students [40] T: Haggarty (1989 Kreyszig (2006) . Advanced engineering mathematics [43] 
